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Abstract. We show that for any polarized compact Kähler manifold, the extremal Kähler metrics that represent the given cohomology class can be characterized as critical points of a suitably defined K-energy functional.
Let (M, J, Ω) be a polarized Kähler manifold of complex dimension n. Thus, (M, J) is a complex manifold of Kähler type, and Ω is a cohomology class in H 1, 1 that can be represented by the Kähler form of a Kähler metric. One may hope to find a canonical metric that represents Ω by studying critical points of a suitable Riemannian functional. Since the set Ω + of Kähler metrics of fixed Kähler class Ω is parametriced by (an open set of) functions, Calabi [2, 3] proposed the functional
Here s ω and dµ ω are the scalar curvature and volume form of ω, respectively. Calabi computed the Euler-Lagrange equation, and showed that the critical metrics of this functional are those for which the gradient of the scalar curvature is a realholomorphic vector field. He called these metrics extremal.
Inspired by the work of Donaldson on Yang-Mills connections on stable bundles, Mabuchi [7] introduced the K-energy functional on Ω + for polarized manifolds with positive first Chern class. The critical points of this functional are Kähler Einstein metrics, and it has played a significant role in the study of these metrics for this type of manifolds [1, 4] . The purpose of this note is to show that extremal Kähler metrics can also be defined as critical points of a functional analogous to the K-energy.
Let G be a maximal compact subgroup of the biholomorphism group of (M, J), and let g be a Kähler metric on M with Kähler class Ω. Without loss of generality, we assume that g is G-invariant. We denote by L 
In this expression, the condition k > n ensures that L 2 k,G is a Banach algebra, making the scalar curvature ofω a well-defined function in the space.
Recall that C ⊗ T M decomposes into the ±i-eigenspaces of J,
This decomposition induces a splitting of sections of this bundle as vector fields of type (1, 0) and (0, 1), respectively. In fact, we may express any tensor field in terms of the corresponding decomposition
Given any Kähler metricg, a smooth complex-valued function f gives rise to a vector field of type (1, 0) 
# is the type (1, 0) piece of the gradient of f with respect tog. This vector field is not, in general, holomorphic. For that, we need to require that f satisfies the fourth-order equation
where the adjoint, Ricci tensorr, scalar curvatures and other relevant quantities are those for the metricg.
Every complex-valued solution f of (2) is therefore associated with a holomorphic vector field Ξ = ∂ # f , and since the operator is elliptic, the space of such functions is finite dimensional. However, since (∂∂ # ) * ∂∂ # is not a real operator, in general, the real and imaginary part of a solution will not be solutions. It has been proven elsewhere [6] that if f is a real-valued solution of this equation, then the imaginary part of ∂ # f is a Killing field ofg, and that a Killing field arises in this way if, and only if, it has a zero somewhere on the manifold.
Let z ⊂ g denote the center of g, the Lie algebra of G, and let z 0 = z ∩ g 0 , where g 0 ⊂ g is the ideal of Killing fields which have zeroes. Ifg is any G-invariant Kähler metric on (M, J), then each element of z 0 is of the form J grad f for a real-valued solution of (2) . In fact, z 0 corresponds to the set of real solutions f which are invariant under G, since 
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use We now adapt ideas of T. Mabuchi [7] to produce another characterization of extremal Kähler metrics. Mabuchi was interested in the study of Kähler Einstein metrics on manifolds with positive first Chern class. These metrics have constant positive scalar curvature, and therefore, are extremal in the sense of Calabi. However, more generally, an extremal metric on the polarized Kähler manifold (M, J, Ω) is a Kähler metric that represents the class Ω, and for which the gradient of the scalar curvature is a real-holomorphic vector field, that is, ∂ # ω s ω is a holomorphic vector field.
1 Metrics of constant scalar curvature are extremal, but after Calabi's initial result [2] , there are now many known examples of extremal metrics which do not have constant scalar curvature [6] .
For the polarized Kähler manifold (M, J, Ω) and maximal compact subgroup G, we define
Given any two metrics ω 0 and ω 1 in M Ω,G , there exists a G-invariant function ϕ, unique modulo constants, such that
1 Though our notation doesn't indicate it, the vector field ∂ # ω πωsω only depends on Ω and not on the particular metric ω in Ω + chosen to represent it [5] . If ω is extremal, this vector field coincides with ∂ # ω sω.
Proof. By the previous proposition, if ω(t)
where f ω is a function such that
Thus, ω is a critical point of µ ω0 if and only if the function f ω is a constant. But then
which implies that ω is extremal [2] because, when computing the contraction with ω, we obtain
and so the vector field ∂ Here c is a constant whose sign is equal to the sign of the total scalar curvature, the metricg is given by the Kähler formω = ω 0 + i∂∂ϕ,G is its Green's operator, and the Ricci curvature of ω 0 is written as ρ 0 = cω 0 + ρ ⊥ + i∂∂f with ρ ⊥ a ω 0 trace-free harmonic (1,1) form. It remains to be seen what geometric conditions could lead to the successful analysis of this equation.
